Density altitude is defined as the altitude at which a given density occurs in the standard atmosphere. Since many basic flight characteristics, such as lift and thrust, depend directly on air density, the density altitude helps provide a relative measure of aircraft performance, with higher density altitudes corresponding to decreased performance. Because of the importance of density altitude to flight safety, the calculation of density altitude is an integral part of flight planning and therefore a critical component of professional flight education. Despite the importance of accurate density altitude calculations, most introductory pilot training manuals fail to address the impact atmospheric humidity has on the results. For example, FAA (1975) , Lester (2007) , FAA (2014) , USAF (1997) , and FAA (2016) do not even mention humidity has an impact on density altitude calculations. In comparison, FAA (2008) does provide a descriptive overview relating the negative impact of humidity on density altitude, but it only provides a single example to demonstrate the potential magnitude of the error. The manual concludes by mentioning no simple rules of thumb (ROTs) exist for humidity and refers the reader to two websites providing online calculators. Given the limited available educational information on the topic, aviation students are not likely familiar with the magnitude of the impact humidity on their flight planning.
The purpose of this paper is to provide a comprehensive quantification of the effects of humidity on density altitude calculations and graphically display the results over a wide range of possible temperatures, pressure levels, and humidity values. Also, we have created a representative 10-year climatology of dew-point temperature values for various locations across the U.S. to give the reader an awareness of expected and worst-case humidity conditions. The graphical displays used together with the climatology should allow both students and aviation educators to demonstrate better the conditions where humidity makes a significant difference on density altitude calculations and where it has limited impact.
We begin the paper with a brief overview and discussion of the concept of humidity, to include different forms in which it is quantified and their relationship to density altitude calculations. Next, we examine and discuss the effects of dewpoint temperature on density altitude calculations for a variety of temperatures and pressure altitudes as well as provide a brief climatology overview of dew-point temperatures at various representative U.S. locations. We then present and discuss a simple ROT that incorporates the effects of humidity on density altitude calculations to include the error characteristics of the ROT. The paper concludes with a discussion of potential uses and limitations of the information in professional aviation education.
Literature Review

Review of Humidity Measurements
Humidity is a general term referring to some measure of the water vapor content of the air (AMS, 2000) . In meteorology, there exists a variety of means to quantify humidity depending on the application in which it is to be used. For most general aviation-related applications, the three most common measurements are typically dewpoint temperature, relative humidity, and temperature/dew-point temperature spread. However, for the calculation of density altitude, the vapor pressure (and the related saturation vapor pressure) becomes a useful measure of humidity. These variables are compared below.
The dew-point temperature is the temperature to which air must be cooled at constant pressure for saturation to occur. It provides an effective measure of the actual amount of water vapor in the atmosphere. The greater the dew-point temperature, the greater the amount of water vapor in the air. The dew-point temperature can only be increased (at constant pressure) by increasing the amount of water vapor in the air.
Dew-point temperature, however, doesn't provide any measure of how close the air is to saturation. For this, we use the relative humidity. The relative humidity provides the ratio of the amount of water vapor in the air compared to the amount required for saturation (at the same pressure). This is particularly useful for predicting when condensation will begin, such as in fog forecasting. Unlike dew-point temperature, however, the relative humidity provides no measure of the actual amount atmospheric water vapor in the air. For example, warm air can have a low relative humidity despite having a higher dew-point temperature, and therefore higher water-vapor content than nearly saturated air at cold temperatures.
Related to relative humidity is the temperature dew-point spread (i.e. the difference between the temperature and dewpoint temperature). Like relative humidity, the temperature dew-point spread also provides a measure of how close the air is to saturation, but again it is not a direct measure of the actual amount of water vapor in the air.
For density altitude calculations, the vapor pressure is a more useful measure of water-vapor content, as we'll see in the next section. The vapor pressure is simply the contribution to the total atmospheric pressure made by the water vapor alone, and like atmospheric pressure, it has units of millibars (mb) or Pascals (Pa). The more water vapor in the atmosphere, the greater will be the vapor pressure. When the vapor pressure increases to the point at which condensation occurs, we say the air is saturated, and the vapor pressure at which this first occurs is referred to as the saturation vapor pressure. Unlike vapor pressure, the saturation vapor pressure is a monotonic function solely of temperature. As the temperature increases, the saturation vapor pressure also increases. The ratio of the two (vapor pressure over saturation vapor pressure) multiplied by 100 to express as a percentage also provides a definition of the relative humidity discussed earlier (AMS, 2000) .
To get a sense for the magnitude of typical vapor pressures, we first note the saturation vapor pressure at 25°C is approximately 16 mb, while the saturation vapor pressure at 0°C is approximately 6 mb. This, therefore, gives us an upper limit of the actual vapor pressure observed at these temperatures. Comparing these values with the standard atmospheric pressure of 1013 mb, we see the vapor pressure typically only accounts for less than 2% of the total atmospheric pressure. While small, this amount of water vapor can still have a non-negligible effect on air density and therefore aircraft performance.
General Impacts of Humidity on Density Altitude
The calculation of density altitude using simple charts or manual flight computers (e.g., E6-B) only requires knowledge of the pressure altitude and the air temperature. However, astute aviation students will quickly notice electronic flight calculators require the dew-point temperature as an additional input. This is because electronic flight calculators use more sophisticated algorithms that account for the effect of water vapor on air density, and the dew-point temperature provides a direct measure of the amount of water vapor in the air.
To understand the effect of water vapor on air density more clearly, consider that dry air has a mean molecular weight of 28.9944 g/mol (NOAA, 1976) , while water vapor has a molecular weight of only 18.05128 g/mol. Because of the lower molecular weight, adding water vapor to dry air lowers the average molecular weight of the air in a given volume. Thus an increase in the amount of water vapor in the air leads to a decrease in air density, which in turn leads to an increase in the density altitude. That is, with increased humidity, an aircraft will perform as if it's higher in the standard atmosphere than it would at the same temperature but with a dry atmosphere (at the same pressure). To calculate the density altitude accurately, we must, therefore, incorporate the air's moisture content into the calculation.
Calculation of Density Altitude
The equation for density altitude (ℎ ) for the dry atmosphere (1) is derived in detail in Appendix A. The equation provides the altitude at which a given density occurs in the standard atmosphere.
where ℎ is the geopotential altitude, is the standard mean sea-level temperature of 288.15 K , is density, is the standard mean sea-level atmospheric density, is gravity (9.80665ms -2 , NOAA, 1976), is the gas constant for dry air (287.053 Jkg −1 −1 ), and is the standard tropospheric lapse rate of −6.5 K/km (NOAA, 1976) . However, because density is a difficult quantity to observe and measure, we typically find it more convenient to use the ideal gas law (A6) to express density in terms of more readily observed variables, namely pressure and temperature. Thus (1) can be rewritten in a more useful form as
Equation (2) represents the desired density-altitude equation as a function of pressure and temperature for dry air. It provides the geopotential altitude at which a given pressure and temperature (therefore density) occurs in the standard atmosphere. While the expression for pressure altitude (A5) is a function only of pressure, we notice our expression for density altitude (2) is a function of both pressure and temperature. Thus, density altitude is frequently described as the pressure altitude "corrected" for non-standard temperature (e.g., FAA, 2014; Lester, 2007) . Figure 1 shows the variation in density altitude with temperature over the temperature range 50-100°F for pressure values corresponding to pressure altitudes of 0, 3,000, 6,000 and 9,000 feet. This figure will be used as a basis for comparison with cases where atmospheric moisture is considered. Figure 1 demonstrates two interesting results. The first is that despite density altitude being an exponential function of temperature when we evaluate over the relatively small observed range of tropospheric temperatures, the equation behaves nearly linearly. This leads to the well-known ROT that density altitude increases approximately 120 feet (70 feet) for every 1°C (1°F) increase in temperature above the standard atmospheric temperature. To see this linear relationship more clearly, we compute the derivative of (2) with respect to temperature while holding pressure constant, which shown in (3). 
Since the remaining terms in expression in (3) are nearly equal to one for typical surface elevations and climatological temperatures, the relationship of 120 feet/°C (70 feet/°F) remains relatively constant. We can clearly see this linear relationship as we move horizontally in the direction of increasing temperature along any of the curves in Fig. 1 . In doing so, we notice for every 10°F the density altitude increases approximately 700 feet.
The second, equally interesting, the result can be seen in the case where we move vertically along a constant temperature line. Here we notice the density altitude increases by approximately 3,800 feet for every 3,000 foot change in pressure altitude. This can also be explained by the classic ROT of 120 feet increase in density altitude for every 1°C above standard temperature. To see this, recall the standard tropospheric temperature lapse rate is −6.5℃/km (or −2.0℃/kft). So when moving vertically along a constant temperature line, the standard atmospheric temperature will decrease by nearly 6°C as we move from the surface to a pressure altitude of 3,000 feet, even though the temperature of the line remains constant. At 3,000 feet the constant temperature, we are following on the graph will now be 6°C warmer than the standard atmospheric temperature. When we apply the ROT, this temperature difference equates to an additional density altitude increase of approximately 780 feet. The result is a net change of approximately 3,800 feet when ascending from mean sea level to a pressure altitude of 3,000 feet at a constant temperature. Figure 1 . Change in density altitude with temperature for dry air at pressure altitudes at 0, 3000, 6000, 9000 feet.
Incorporating Humidity into Density-Altitude Calculations
To incorporate the effect of humidity on density altitude, we first need to quantify the change in density resulting from the addition of water vapor to the air. In meteorology this is most typically accomplished by calculating a virtual temperature; that is, the temperature dry air would require to have the same density as humid air at the same pressure. By using virtual temperature, we can retain the gas constant for dry air rather than determining a new gas constant whenever the mean molecular weight of the air changes due to the addition or subtraction of water vapor.
The virtual temperature, , can be calculated using the following equation, the derivation of which is found in a variety of meteorology text books (e.g., Wallace and Hobbs, 2006) . The equation is
where is the vapor pressure and is the ratio of the molecular weight of water vapor to the molecular weight of dry air ( = 0.622). Since the denominator in (5) is always less than one when water vapor is present, will always be slightly greater than the actual temperature. Physically this may be interpreted using the ideal gas law (A6) and noticing that since moist air is less dense than dry air i.e. smaller , dry air would require a slightly higher temperature to have the same density as humid air, again assuming constant pressure.
As seen in (5) calculating the virtual temperature requires a method to calculate the vapor pressure, or more specifically, the saturation vapor pressure. Numerous algorithms for calculating saturation vapor pressure as a function of temperature are available, ranging from relatively simple, such as Bolton (1980) and Lowe (1974) , to more complex eighth-order, curve-fitted, polynomial functions designed for computational efficiency (Flatau et al., 1992) . Here we choose to use Hyland and Wexler (1983) , which provides relatively high accuracy albeit with increased computational expense. However, given the small number of calculations for our experiments, computational efficiency is only a minor concern compared to accuracy. Hyland and Wexler's (1983) formulation is described in detail in Appendix B.
Hyland and Wexler's equations (B1) and (B2) provide the saturation vapor pressure over water (B1) and ice (B2) in units of Pascals for a given input temperature (in Kelvins). However, the calculation of virtual temperature requires the actual vapor pressure. The actual vapor pressure can be obtained simply by inputting the dew-point temperature into Hyland and Wexler's equations. Thus the calculation of the virtual temperature requires knowledge of the temperature, dewpoint temperature, and pressure.
Before incorporating virtual temperature into the calculation of density altitude, it's beneficial to examine the change in virtual temperature with dew-point temperature. To examine this effect, Fig. 2 shows the variation in virtual temperature with dew-point temperature for 90°F air for four different pressures corresponding to pressure altitudes of 0, 3,000, 6,000, and 9,000 feet. The difference between temperature and virtual temperature can be significant to density altitude calculations, as we'll see in the next section. Also of interest to note is that the slope of the lines is not linear; that is, a change in dewpoint temperature by one degree has a greater impact on the virtual temperature when the dew-point temperatures are large than when they are small. Another key point is that for a fixed dew-point temperature (i.e. fixed vapor pressure), the virtual temperature increases as the pressure altitude changes. For example, given a dewpoint temperature of 80°F, the difference between the temperature and virtual temperature at 9,000 feet is approximately 3°F greater than it is at standard mean sea-level pressure. This suggests airports located at higher elevations will experience slightly greater changes in density altitude as the dew-point temperature increases than will airports located at lower elevations. However, as we'll see later, this effect is small over normal ranges of dew-point temperatures, and only minimally significant for very high dewpoint temperatures at high elevations.
We can now use virtual temperature to adjust density altitude for humidity. We do this by replacing with in (2), which gives our desired relationship for density altitude with the effect of humidity included.
Equation (6) now provides the geopotential height of a given density in the standard atmosphere, where density is a function of temperature, pressure, and humidity.
Here the subscript " " is used to indicate a "moist" atmosphere is now considered, i.e. one that includes water vapor. Thus, the density altitude for a moist atmosphere can be calculated from three variables: temperature, pressure and dew-point temperature. Lastly, we note the conversion from geopotential to geometric altitude is provided in Appendix A, although the correction is negligible (<0.05%) for elevations below 10,000 feet. Figure 2 . Change in virtual temperature with dew point temperature for 90°F air at pressure altitudes of 0, 3,000, 6,000, and 9,000 feet.
Method
To show the effect of humidity on density altitude, we used MATLAB® to evaluate and graphically display results from the equation for density altitude (6) over a wide range of climatologically appropriate temperature, dew-point temperature, and relative humidity values at various pressure altitudes using four different methods. With the first method, we used (6) to plot nomograms showing the density altitude as a function of temperature and dew-point temperature for both standard mean sea-level pressure as well as a pressure altitude of 6,000 feet. Second, we used (6) combined with the definition of relative humidity to calculate density altitude as a function of relative humidity for a specified temperature. Third, we again used (6) both with and without the virtual temperature correction to compare the effects of disregarding humidity on density altitude calculations. We again created nomograms to display both the absolute error and percent error as a function of temperature and dew-point temperature for both standard mean sealevel pressure and a pressure altitude of 6,000 feet. Lastly, we used these differences to construct a simple ROT using basic linear regression techniques.
For creating the dew-point temperature climatology table, we used hourly observation data available from the National Centers for Environmental Information (NCEI, 2016) . We used a ten-year period of record from June 2006 to August 2015 to construct monthly averages, maximum, and minimum dew-point temperature values for the months of June, July, and August. These months were chosen to capture the highest dewpoint temperature values for most locations. The locations, themselves, were chosen based on two criteria. First, they were chosen to represent a sample of nearly all climatic regimes in the contiguous U.S. to yield the greatest variability. Second, they were chosen for their proximity to professional flight programs in hopes of increasing classroom use. The results of the climatology are provided in Table 1 .
Results
Graphical Depictions Quantifying the Impact of Humidity on Density Altitude
In Fig. 3 we show density altitude as function of temperature and dew-point temperature at (a) standard sea-level pressure and (b) a pressure altitude of 6,000 Table 1 .
Ten-year period of record (2006) (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) Dew-Point Temperature Climatology for the months June, July, and August at various locations across the contiguous U.S.
June
July August Fig. 2 showing the non-linear change in virtual temperature, and therefore density, with increased dew-point temperature.
We also clearly see the change in density altitude with dew-point temperature (i.e., moving in the horizontal along a constant temperature line) is secondary when compared to the change in density altitude with temperature (i.e., moving in the vertical along a constant dew-point temperature line). For example, when moving in the vertical along a constant dew-point temperature line, the change in density altitude is approximately 290 feet per 5°F change in temperature. This is over ten times greater than the rate of change of density altitude with dewpoint temperature as seen in the previous paragraph.
We also notice the change in density altitude with temperature is nearly linear with temperature for a specified dew-point temperature (i.e., the spacing of the individual temperature lines are nearly equidistant regardless of the dew-point temperature). The linearity can again be traced back to the linearity of the change in density altitude with temperature for the dry atmosphere case. This is because according to (5), for a fixed dew-point temperature and pressure (or pressure altitude), the virtual temperature is simply a linear multiple of temperature. Thus because density altitude is linear with temperature for the dry case, it will also be a linear function of temperature for the moist case but with a slightly different slope. To see this, we take the derivative of (6) with respect to temperature while using (5) and holding both pressure and vapor pressure constant. The result is simply a constant multiplied by the change in density altitude with temperature for the dry
case, i.e. where ≡ [1 − ( / )(1 − )] is a constant since both vapor pressure are pressure are held constant. Since is a constant and near unity, the change in density altitude with virtual temperature will also be linear, but the rate of change will be a few percent less than for the dry case (e.g., approximately 1% less for standard mean sea-level pressure and a dew-point temperature of 60°F).
For comparison, we have also produced the same chart for a pressure altitude of 6,000 feet in Fig. 3b. Figures 3a and 3b are noticeably similar in shape, but the change in density altitude with dew-point temperature is slightly greater for the higher altitude case. For example, Fig. 3a shows an increase of approximately 290 feet over the 40°F range of dew point temperatures, while Fig. 3a shows an increase of approximately 340 feet over the same dew-point temperature range. This difference can again be traced directly back to Fig. 2 which shows the change in virtual temperature with the dewpoint temperature at different pressure altitudes. At higher pressure altitudes, the change in virtual temperature is greater for the same change in dewpoint temperature. However, since this effect results in a difference in density altitude of only approximately 50 feet over the entire 40°F range of dew-point temperatures, we, therefore, conclude pressure altitude does not significantly affect the degree to which humidity impacts density altitude calculations. Lastly, it is also of interest to note the change in density altitude with temperature for a specified dew-point temperature (i.e. moving in the vertical along a line of constant dew-point temperature) is similar in both cases at approximately 295 feet per 5°F.
To better see the impact of dew-point temperature on density altitude for aviation purposes, we have created a nomogram of the absolute error (8) between the dry air case and the moist air case in Fig. 4 . This figure clearly shows the range of potential errors with a maximum absolute error of approximately 400 feet for climatologically realistic values of dew-point temperature. Perhaps the most interesting aspect of Fig. 4 is that the error is nearly constant with temperature for a given dewpoint temperature. This can be traced back to the uniform vertical spacing of the plot lines in Figs. 3a and 3b . More importantly, this is a pedagogically significant concept because it demonstrates that the effect of humidity on density altitude for a given pressure altitude ultimately depends on the dew-point temperature, not the actual temperature or how close the air is to saturation (i.e., it shows density altitude's dew-point temperature dependence).
To demonstrate this point further, we have also constructed a graph displaying absolute error (8) over a range of relative humidity values for mean sealevel pressure (Fig. 5 ). Examining Fig. 5 , we see that as we follow a relative humidity curve with increasing temperature, the absolute error increases. This behavior can be explained as follows. Since relative humidity is defined as the ratio of the actual vapor pressure to the saturation vapor pressure (the latter of which is a function only of temperature), then increasing the temperature while keeping relative humidity constant (i.e., following a relative humidity line) requires an increase in the moisture content (i.e., the actual vapor pressure or dew-point temperature). This is again an important pedagogical point. It is the increase in the air's moisture content (i.e., dew-point temperature) that is causing the increase in density altitude, not how close the air is to saturation. To see this more clearly consider the density altitude of the air for 60% relative humidity at a temperature of 60°F. This combination results in an absolute error of approximately 130 feet. Now examine the absolute error for 20% relative humidity air at 100°F, which is approximately 160 feet. So, despite having a significantly lower relative humidity, the error is slightly higher for the 20% relative-humidity case than for the 60% relative-humidity case. The reason is that because of the significantly greater saturation vapor pressure for 100°F air, a greater actual vapor pressure (i.e., higher dew-point temperature) is required to achieve a 20% relative humidity than is required to achieve 60% relative humidity at a temperature of 60°F. So the relative humidity alone provides no information regarding the magnitude to which density altitude will be affected.
By comparison, the temperature used together with the relative humidity is more useful. For any specified temperature, an increase in relative humidity implies an increase in the water vapor content of the air, thereby leading to a greater absolute error. We can see this by moving vertically at a constant temperature line in Fig. 5 . In doing so, we observe the error increases as the relative humidity increases. The relationship between moisture content and density-altitude absolute error also explains the comparatively larger spread in the curves at the warm temperatures compared to the spread at cooler temperatures. On the warm sides of Fig. 5 , the saturation vapor pressures are much larger, and therefore a relative humidity of 80% requires a significantly greater actual vapor pressure (or dew-point temperature) than does the same relative humidity on the cold side of the chart. This can again can be related back to Fig. 2. In Fig. 2 , the slope of the virtual temperature curves increases with increased moisture content (i.e. increased dewpoint temperature). In Fig. 5 , we see this same effect. On the warm side of the figure the moisture content for a given relative humidity is greater than on the cool Figure 5 . Absolute error in density altitude (feet) at mean sea-level pressure between the dry case and moist case as a function of temperature for four different relative humidity values. Positive error indicates how much higher the moist case density altitude would be compared to the dry case. side; thus, the virtual temperature correction (and therefore density altitude error) is more significant leading to the large spread on that side. On the cold side of Fig.  5 , the actual vapor pressure for a given relative humidity value is comparatively less than that of the warm side, so the virtual temperature curve is much less sloped. The result is a much smaller spread in the density altitude errors on the cold side of the figure.
Returning to Figs. 4a and 4b we notice that at mean sea level the absolute error ranges from approximately 95 feet for a relatively low dew-point temperature of 35°F upwards to approximately 375 feet for the relatively high climatological value (per Table 1 ) of 75°F. In comparison, for the same range of dew-point temperatures at a pressure altitude of 6,000 feet, the absolute error extends upwards from approximately 100 feet to approximately 450 feet. While the absolute error lines are similar in shape for both standard mean sea-level pressure and a pressure altitude of 6,000 feet, the errors for the same temperature and dew-point temperature combinations are slightly greater for higher altitudes. Thus, altitude is a factor when determining the effect of humidity on density altitude calculations; however, it is a much smaller tertiary effect when compared to effects of temperature and dew-point temperature, themselves.
Also, despite the absolute error in density altitude being largest for warm temperatures and high pressure altitudes, it is relatively small compared to the density altitude, itself, under these same conditions. Therefore, another useful error measurement is the percent error, which we define as:
The percent error ( ) adjusts the absolute error for large density-altitude values. Figures 6a and 6b show the percent error in density altitude as a function of temperature and dew-point temperature at standard mean sea-level pressure and at a pressure altitude of 6,000 feet, respectively. We notice that for high dew-point temperatures, the percent error can be near 25% at mean sea-level pressure, while at a pressure altitude of 6,000 feet the same temperature and dew-point temperature combination results in an error of only 5%. This is because while the absolute error remains similar in both cases, the actual density altitude is far greater for a pressure altitude of 6,000 feet, resulting in a much lower percent error. An interesting pedagogical point is that while the absolute error for a given dewpoint temperature increases slightly with pressure altitude, the percent error decreases significantly. Thus, the significance of the humidity correction is far less at higher altitudes despite being slightly greater in magnitude.
Development of a Simple Rule of Thumb (ROT)
While the role of humidity in density altitude calculations is indeed secondary to the role of temperature, the effects can be potentially significant, when the dew-point temperatures are high (e.g., errors over 400 feet). Professional flight programs should endeavor to quantify the effects when possible so improved student decision making can be developed. Unfortunately, the non-linear nature of the effect of humidity on density altitude makes the development of a ROT more complicated than for the effect of temperature on density altitude. However, because the effect of humidity is secondary, the accuracy doesn't need to be as high to provide meaningful information.
For the ROT development, we conducted a linear regression analysis of density-altitude absolute error as a function of dew-point temperature for four pressure altitudes (0, 3,000 feet, 6,000 feet, and 9,000 feet) assuming a temperature of 30°C. Note that we chose to use Celsius for the temperature scale instead of Fahrenheit for the ROT because METARs report Celsius. In addition, since the absolute error curves don't vary significantly with temperature as seen in Figs. 4a and 4b, the use of 30°C is purely arbitrary. The only requirement is the temperature values always remain greater than (or equal to) the dew-point temperature for the results to have physical meaning. Results from the linear regression appear in Table  2 . The table shows the simple mean of the four linear regressions yielded a slope of 16.9 feet/°C with an average y-intercept of 27.7 feet and a nearly identical R 2 values of 0.95.
To construct a meaningful ROT, we sought an algorithm that was both relatively accurate as well as easy to use and remember. For this reason, we chose to use a slope of 20 feet/°C, which is slightly higher than the average slope shown in Table 2 , and a y-intercept of 0°C, which is slightly less than that predicted by the regression. The utility of the 0°C y-intercept is that it creates a very simple-to-use ROT; that is, we can find the correction in feet due to dew-point temperature by simply doubling the dew-point temperature and multiplying by ten or "doubling and adding a 0." An important caveat for the ROT is that it is only valid for dewpoint temperatures above freezing or else it would lead to negative corrections, which aren't physically sound, i.e. humidity should never lower the density altitude. Figure 7 shows the bounding absolute error curves (standard mean sea-level pressure and a pressure altitude of 9,000 feet) as a function of dew-point temperature along with the ROT and the mean of the four linear regression parameters (slope and intercept). To evaluate the performance of the ROT and mean linear regression, we computed the root mean square error (RMSE) of both for all of the absolute error curves used in the computation of the means and provided the results in columns five and six of Table 2 . The simple ROT does introduce slightly greater error compared to the mean linear regression, especially on the cold side of Fig. 7 ; however, this is where density altitude values would likely have less operational significance because the temperatures would most likely be lower than standard in this range as well.
Using this simple dew-point temperature ROT together with the traditional temperature ROT for density altitude makes for a simple correction that uses temperature, pressure altitude, and dew-point temperature. We first find density altitude using the 120 feet ROT (or a simple manual flight calculator), then add the adjustment due to the dew-point temperature. Thus the approximate moist density altitude (h ) can be defined as:
While this ROT is no replacement for an electronic flight calculator, it does provide a simple means for approximating to the extent to which humidity effects density altitude. Figure 7 . Absolute error in density altitude (DA) as a function of dew-point temperatures for a pressure altitude (PA) of 0 feet and a PA of 9,000 feet, both at a temperature of 30°C (86°F). Also plotted is a simple ROT approximation for the impact of dew-point temperature on density altitude and the mean regression line calculated from PAs of 0, 3,000, 6,000, and 9,000 feet.
To examine the accuracy of the ROT more clearly, we have plotted the absolute error between the moist density altitude and dry density altitude (Fig. 8a) as well as the absolute error between the moist density altitude and the approximate moist density altitude found using the ROT (Fig. 8b) . We define this absolute error for the ROT as:
While the absolute error (Fig. 8a) increases significantly with dew-point temperature, the absolute error from the ROT is much smaller over the entire range of dew-point temperatures (Fig. 8b) . Thus the ROT thumb does provide significant improvement compared to disregarding humidity entirely. We also see from (11) that when = 0, the ROT exactly predicts the true density altitude for the moist case. These zero values occur for all pressure altitudes in the 5-8°C dew-point temperature range of Fig. 8b . Beyond 8°C the is predominately negative, indicating the ROT is overcorrecting for the effects of moisture. The more hazardous case is that of under-prediction (positive ), which only occurs for the higher elevations at climatologically unlikely dew-point temperatures (as seen from Table 1), i.e. above approximately 25°C (77°F). Because dew-point temperatures this high could be possible, albeit rare, the ROT is best used for elevations of 6,000 feet or below when the humidity is extremely high. We should also note the use of a 0°C y-intercept does result in large errors for dew-point temperatures near freezing; however, these quickly diminish as the dew-point temperature increases to 5°C. In addition, the temperatures associated with dewpoint temperatures this low would likely be in the range where the role of density altitude is not a significant operational impact.
As another means of examining the ROT, we can define the percent error for the ROT as: Figures 9a and 9b show the density-altitude percent error for the moist case vs. dry case using (9) and the density-altitude percent error for the moist case vs. the moist approximation using (12), respectively. While the percent error for moist vs. dry increases monotonically with dew-point temperature, the percent error for the approximation first decreases then increases slightly but with a much lower magnitude. Except the standard mean sea-level pressure curve, we see from Fig.  9b that the ROT predicts the density altitude within ±2% for dew-point temperatures above 5°C. Even at standard mean sea-level pressure, the ROT predicts the density altitude within ±5%. So while the ROT is not exact due to the nonlinear nature of the problem, it can be used to provide students with simple, "rough" measure of the secondary effect humidity has on density altitude calculations. This gives them a more objective means to quickly assess when the effect of humidity will be significant on their density altitude calculations, and when it will not.
Discussion
The purpose of this paper was to provide a comprehensive, quantitative and graphical description of the impacts of humidity on density altitude calculations as well as create a simple ROT to describe these impacts for use in professional aviation education. Here we highlight and discuss three important pedagogical points presented in the paper.
First, humidity is indeed secondary to temperature when examining the effects of each on density altitude. However, in high dew-point temperature environments, the effect can be operationally significant. It's important for professional pilots to have an understanding of the magnitude of the impact, so they understand when it is operationally significant. By providing graphical charts showing the impact of dew-point temperature on density altitude combined with a climatology of dew-point temperature values, students and instructors can easily demonstrate the conditions where humidity has an operational impact.
A second pedagogical point is that the effect of humidity is determined solely by the dew-point temperature and not relative humidity or even temperature dew-point spread. The effect of humidity is felt only through the vapor pressure, which is a function of dew-point temperature alone-not saturation. This is frequently a confusing concept for nascent students since relative humidity is often incorrectly associated with the air's actual moisture content in the media, despite only being a measure of how close the air is to saturation. Since warm air requires more water vapor to be saturated, the relative humidity only provides information on actual moisture content if the temperature is also known. Thus, low relative humidity air at high temperatures can have the same impact on density altitude calculations as high relative humidity air at low temperatures.
The third pedagogical point is that the elevation or pressure altitude at which the moist air is occurring has a smaller tertiary effect on the absolute error introduced into density altitude calculations than dew-point temperature itself. That is, the same dew-point temperature for air at 6,000 feet will have only a slightly greater impact on the density altitude than the same dew-point temperature air at mean sea level when all other factors are held equal. Despite the absolute errors being larger for higher altitudes, the relative error is significantly smaller. Thus the effect of humidity on density altitude calculations has a much greater relative impact near sea level.
Limitations
We present here several limitations regarding this study. First, we noted earlier that developing a simple, easy-to-use ROT is challenging because of the non-linear effects of humidity on density altitude calculations. Here we have attempted a linear regression method that sacrifices some accuracy to improve ease of use. The ROT is that the effect of humidity on density altitude in feet can be determined by multiplying the dew-point temperature (in °C) by 20. Colloquially, this can be stated as "doubling the dew-point temperature and adding a zero." While simple to use, there are some significant drawbacks. First, the dew-point temperature must be positive, and preferably greater than 5°C. A negative value would imply moisture is decreasing the density altitude, which is not physically accurate. Second, the ROT is limited in that it can significantly overestimate the correction due to humidity by as much as 5% at mean sea level. We argue this is acceptable for educational purposes for two reasons: 1) the effect of humidity on density altitude is much smaller, secondary effect compared to temperature, and 2) the ROT overestimates rather than underestimates the correction for climatological values of dew-point temperature. The ROT therefore only provides a "rough" estimate that allows students to quickly determine the potential impact of humidity on density altitude. For operations, educators should stress the need to use flight calculators rather than the ROT for decisions where peak performance is required.
Having a feel for the magnitude of the impact dew-point temperature has on density altitude calculations is only useful if the user has an understanding of what typical dew-point temperatures exist for their locations. To that end, we created a ten-year climatology for locations that are both representative of a variety of climatic regimes throughout the U.S. as well as near various undergraduate professional flight programs. Our climatology is limited in that does not represent an entire period-of-record climatology for all months, but rather only provides a representative sample for the warmest calendar months when density altitude is the biggest concern and when dew-point values are likely to be greatest. Because the climatology only examines the most recent ten years of data, the maximum and minimum values are not necessarily record values. The table does, however, give students a sense of the magnitude of dew-point temperature values that can be expected at their locations. By combining the data in Table 1 with the graphical charts, students can gain a solid appreciation for the impact of humidity on density altitude calculations in their region of interest.
Summary
We have detailed the effects of humidity on density altitude calculations for various pressure altitudes and displayed the results graphically for use in professional aviation education. The charts capture the secondary nature of the effects of humidity on density altitude as well as the tertiary effects of altitude on humidity corrections. The study demonstrates how the effect of humidity at a given pressure is determined solely by the dew-point temperature and not how close the air is to saturation. Also, we created a simple ROT for describing the effects of humidity on density altitude calculations, which sacrifices some accuracy for ease of remembrance. Lastly, we provided a ten-year climatology of dew-point temperatures to provide a basis for the magnitude of the expected impact of humidity on density altitude at various locations.
Appendix A
This appendix provides the derivation of the density altitude equation for dry air as well as the conversion from geopotential altitude to geometric altitude. To start, we first consider the atmosphere to be an ideal gas in hydrostatic balance. For a review of hydrostatic balance the reader is referred to Guinn and Mosher (2015) . The hydrostatic balance equation can be written as
where represents the atmospheric pressure, is height, (287.053 Jkg −1 −1 ) is the gas constant specific to dry air, is gravity and T is temperature.
Next, we assume a standard linear atmospheric temperature profile of
where is the standard mean sea-level temperature of 288.15 K and is the standard tropospheric (0 to 11 km) lapse rate of −6.5 K/km (NOAA, 1976) . Substituting these values into (A1) while treating gravity as a constant with height, i.e., = 9.80665 ms -2 (NOAA, 1976) yields the following expression.
= − ( + )
Integrating (A3) with respect to height from zero to an arbitrary geopotential altitude, ℎ( ), above standard mean sea-level pressure, gives:
Solving (A4) directly for geopotential altitude yields:
Equation (A5) provides an expression for the height of a given pressure in the standard atmosphere, i.e., the pressure altitude (PA). The subscript d is used to indicate a dry atmosphere, i.e., no water vapor. This expression is similar in form to that used by the National Weather Service (NOAA, 2015) . Our goal is to create an expression for the altitude at which a given density occurs in the standard atmosphere. To do this we simply use the ideal gas law to replace pressure with density, i.e.,
where is the air density. Since the ideal gas law applies to our standard temperature and pressure values as well, we also have:
Substituting (A2), (A6), and (A7) into (A5) and rearranging terms gives the desired relationship for the geopotential altitude of a given density in the standard atmosphere, i.e., density altitude. As before, the subscript indicates an assumed dry atmosphere. 
Because gravity was assumed constant for ease of calculations, the resulting heights from (A8) should be converted from geopotential altitude to geometric altitude for aviation use using the following conversion given in NOAA (1976) as
where is the geometric height, ℎ is geopotential height, and = 6,356,766 m (NOAA, 1976) is the mean radius of the Earth (assumed constant with latitude). Table B1 . Coefficients for Hyland and Wexler's (1983) For temperatures below freezing, the equation is modified slightly to express the vapor pressure over ice. Here we have:
where the coefficients for the vapor pressure formulation are provided in Table B2 . This expression is valid for the temperature range (173.16 ≤ < 273.15 ). Table B2 .
